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Abstract
Powers proved decades ago that if two cyclic representations p1 and p2 of a UHF algebra A
satisfy that p1ðAÞ00Dp2ðAÞ00 ¼M; there is an automorphism a of A such that p1a and p2 are
quasi-equivalent. This was recently extended to the class of simple separable Cn-algebras when
M is of type I. In this paper we extend this result to some class of simple separable nuclear Cn-
algebras when M is of type III. In particular, we show that the above result obtained by
Powers for the UHF algebras also holds for the class of purely inﬁnite simple separable Cn-
algebras classiﬁed by Kirchberg and Phillips and for the class of approximately homogeneous
simple separable unital Cn-algebra with unique tracial state.
r 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
Powers [11] showed that for any two representations p1 and p2 (on a separable
Hilbert space) of a UHF algebra A; p1 and p2 are algebraically equivalent, i.e.,
p1ðAÞ00 is isomorphic to p2ðAÞ00; if and only if there is an automorphism a of A such
that p1a is quasi-equivalent to p2: Later Bratteli [1] extended this to the class of AF
algebras he introduced, (possibly) with generality allowed as much as possible. In
particular, he noted that this is not always the case if p1ðAÞ00Dp2ðAÞ00 is of type II.
It is shown in [10] that if A is a simple separable Cn-algebra and if p1 and p2 are
type I factor representations of A; then there is an asymptotically inner
automorphism a of A such that p1a is quasi-equivalent to p2:
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It is further shown in [9] that ‘type I factor representation’ may be replaced by
’type I representation on a separable Hilbert space’ with the assumption that
p1ðAÞ00Dp2ðAÞ00 in the above statement.
In this paper we shall give another extension, unfortunately, for a restricted class
of simple separable nuclear Cn-algebras; it will be shown for such a Cn-algebra A
that if p1 and p2 are type III representations of A on a separable Hilbert space, then
if p1 and p2 are algebraically equivalent if and only if there is an asymptotically inner
automorphism a of A such that p1a is quasi-equivalent to p2: We expect that the
above statement is true for all simple separable nuclear Cn-algebras (but perhaps not
for all simple separable Cn-algebras).
In the course of the proof we shall show the following (see 4.1): Let A be a nuclear
separable Cn-algebra and let p1 and p2 be representations on a separable Hilbert
space such that p1ðAÞ00 ¼ p2ðAÞ00 ¼M: Then there is a sequence ðUnÞ of unitaries in
M such that limn jjAd Unp1ðxÞ  p2ðxÞjj ¼ 0; xAA if and only if there is an
asymptotically inner automorphism a of A such that p1a is quasi-equivalent to p2:
As a corollary to the above result and its proof, we also show, for a certain class of
simple separable nuclear Cn-algebras A (which have either a unique tracial state or
no tracial states) and for cyclic representations p1 and p2 of A; that p1ðAÞ00 is
isomorphic to p2ðAÞ00 if and only if there is an asymptotically inner automorphism a
of A such that p1a is quasi-equivalent to p2: This gives a true extension of the above-
mentioned result by Powers, see 4.3 and 4.4.
2. Amenability
Let A be a Cn-algebra. If m; nAN; we denote by MmnðAÞ the m  n matrices over
A: If m ¼ n; then MnnðAÞ is a Cn-algebra and is also denoted by MnðAÞ; in any case
MmnðAÞ is a normed space as a subspace of MkðAÞ for kXm; n:
For a bounded linear map j on A and nAN we denote by jn the linear map
on MnðAÞ deﬁned by ðaijÞ/ðjðaijÞÞ and we let jjjjjn ¼ jjjnjj: If jjjjjcb ¼
supnjjjjjnoN; then j is said to be completely bounded. The set of completely
bounded maps on A forms a Banach space with the norm jj  jjcb: For xAA we
denote by Lx (resp. Rx) the left (resp. right) multiplication of x on A: Then it follows
that jjLxjj ¼ jjLxjjcb ¼ jjxjj ¼ jjRxjj ¼ jjRxjjcb: If xn ¼ x; then ad x ¼ Lx  Rx is a
(*-preserving) derivation and satisﬁes that jjad xjj ¼ jjad xjjcb ðp2jjxjjÞ:
For a wAM1nðAÞ with nAN; we denote by Ad w the linear map on A deﬁned by
a/wawn ¼Pni¼1 wiawni ; i.e., Ad w ¼Pni¼1 Lwi Rwni : Then Ad w is completely positive
(or CP for short) in the sense that ðAd wÞn is positive for any nAN: Note, in this case,
that jjAd wjj ¼ jjAd wjjcb ¼ jjwjj:
A polynomial f in Lx;Rx; xAA (or f ¼
Pn
i¼1 Lai Rbi for some ai; biAA) deﬁnes
not only a linear map on A but also a linear map on a Cn-algebra B which contains A
as a Cn-subalgebra. We deﬁne a norm jj  jjpb as the supremum of jjfjBjj with B*A;
where fjB denotes the linear map deﬁned on B by f: Here note that we may replace
B by ABA when we compute jjfjBjj: Since jjLxjjpb ¼ jjxjj ¼ jjRxjjpb for xAA; it
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follows that jjfjjpboN; we may say that f is perfectly bounded for a polynomial f in
Lx;Rx; xAA: Note that jjfjjcbpjjfjjpb in general.
Theorem 2.1 (Haagerup [5]). Let A be a unital nuclear Cn-algebra. Let F be a finite
subset of A and e > 0: Then there is a wAM1nðAÞ for some nAN such that wwn ¼ 1 and
jjad a Ad wjjpboe for all aAF:
Proof. By Haagerup [5] A has a virtual diagonal o in the weakn closed convex hull of
P ¼ fa#an j aAA; jjajjp1g in ðA#pAÞnn; where A#pA is the projective tensor
product completion of A#A and o satisﬁes that
ao ¼ oa; aAA;
pnnðoÞ ¼ 1;
where aðx#yÞ ¼ ax#y; ðx#yÞa ¼ x#ya; and p : A#pA-A is deﬁned by
pða#bÞ ¼ ab; a; bAA:
Hence, we have a net ðTmÞ in the convex hull of P such that aTm  Tma-0 in
A#pA in the weak topology and pðTmÞ  1-0 in A in the weak topology. By using
the convexity argument, for any ﬁnite subset F of A and e > 0 we ﬁnd a sequence
ðx1; x2;y; xnÞ in A for some n such thatX
i
jjxijj2p1;
X
i
axi#x
n
i 
X
i
xi#x
n
i a




p
oe; aAF;
X
i
xix
n
i  1



oe:
Then set b ¼ ðPi xixni Þ1=2 and set w ¼ ðbx1; bx2;y; bxnÞAM1nðAÞ; which satisﬁes
that wwn ¼ 1: Since jjPi abxi#xni b Pi bxi#xni bajjppð2jj½a; bjj þ ejjbjjÞjjbjj and
jjad a Ad wjjpbpjj
P
i awi#w
n
i 
P
i wi#w
n
i ajjp; this completes the proof. &
We quote a variant of the above theorem from 4.2 of [10].
Theorem 2.2. Let A be a Cn-algebra and let p be a (non-degenerate) representation of
A on a Hilbert space H: Then the following conditions are equivalent:
1. pðAÞ00 is injective.
2. If F is a finite subset of A; E a finite-dimensional projection on H; and e > 0; then
there is a wAM1nðAÞ for some nAN such that jjwjjp1; jjpðwwnÞE  Ejjoe; and
jjad a Ad wjjpboe:
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To show ð2Þ ) ð1Þ; we just have to show that there is a norm-one projection from
BðHÞ on pðAÞ0: By using wAM1nðAÞ in (2), we deﬁne a CP map EF;E;e on BðHÞ by
Q/
P
i pðwiÞQpðwiÞn and form a net in a natural way. Then any limit will give such
a projection. See [10] for ð1Þ ) ð2Þ:
3. Equivalences for representations
Let A be a Cn-algebra and let p1 and p2 be (non-degenerate) representations of A
on Hilbert spacesH1 andH2; respectively. We say that p1 and p2 are algebraically
equivalent if p1ðAÞ00 and p2ðAÞ00 are isomorphic as W n-algebras. We say that p1 and
p2 are quasi-equivalent (or simply equivalent) if the map p1ðaÞ/p2ðaÞ extends to an
isomorphism of p1ðAÞ00 onto p2ðAÞ00: We say that p1 and p2 are unitarily equivalent if
there is a unitary U from H1 of p1 onto H2 of p2 such that Up1ðaÞUn ¼
p2ðaÞ; aAA:
Deﬁnition 3.1. In the above situation p1 is said to be approximately unitarily
equivalent to p2 if there is a sequence ðUnÞ of unitaries fromH1 ontoH2 such that
Unp1ðAÞ00Unn ¼ p2ðAÞ00 and UnUn1Ap2ðAÞ00 for all n and
lim
n-N
jjUnp1ðaÞUnn  p2ðaÞjj ¼ 0; aAA:
By replacing p1 by Ad U1p1 and ðUnÞ by ðUnUn1 Þ; we may as well assume
that p1ðAÞ00 ¼ p2ðAÞ00 ¼M when we discuss the above notion; in this case
the sequence ðUnÞ is chosen from M: By Voiculescu [15], without the
condition UnAM; this notion of approximate unitary equivalence would be very
weak.
Among the above equivalences we have the following implications: unitary equiv.
) approximate unitary equiv.) algebraic equiv.; and unitary equiv.) quasi-equiv.
) algebraic equiv.
Remark 3.2. Let A be a simple separable Cn-algebra and let p1 and p2 be
representations of A on a separable Hilbert space such that p1ðAÞ00 ¼ p2ðAÞ00 ¼M: If
M is of type I, then p1 and p2 are approximately unitarily equivalent. This is because
there is an asymptotically inner automorphism group a of A such that
p1aðxÞ/p2ðxÞ extends to an automorphism of M which is trivial on the center
[9,10].
Lemma 3.3. Let A be a finite-dimensional Cn-algebra. Let p1 and p2 be faithful
representations of A on a separable Hilbert space H and let M be a von Neumann
algebra on H such that piðAÞCM for i ¼ 1; 2: If all the non-zero projections in
p1ðAÞ,p2ðAÞ are equivalent to 1 in M (or in particular M is a type III factor), then
there is a unitary UAM such that Ad Up1 ¼ p2:
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Proof. If A ¼ Mn and ðeijÞ is a family of matrix units for A; we choose a
partial isometry vAM with vvn ¼ p2ðe11Þ and vnv ¼ p1ðe11Þ and set U ¼Pn
i¼1 p2ðei1Þvp1ðe1iÞ: Then it follows that Ad Up1ðeijÞ ¼ p2ðeijÞ: In general, we repeat
this process for each direct summand of A: &
Lemma 3.4. Let A be a corner of On (i.e., pOnp with pAOn a projection) for 2pnpN;
where On denotes the Cuntz algebra generated by n isometries. Let p1 and p2 be (non-
degenerate) representations of A on a separable Hilbert space H and let M be a von
Neumann algebra on H such that piðAÞCM for i ¼ 1; 2: Then there is a sequence ðUnÞ
in UðMÞ such that limn jjAd Unp1ðaÞ  p2ðaÞjj ¼ 0; aAA:
Proof. If noN; then A ¼ On is generated by n isometries s1; s2;y; sn withPn
i¼1 sis
n
i ¼ 1: In this case we set V ¼
Pn
i¼1 p2ðsiÞp1ðsni ÞAUðMÞ: Then there is a
sequence ðUnÞ in UðMÞ such that jjUnl1ðUnn Þ  V jj-0; where l1 is the
endomorphism of M deﬁned by
l1ðQÞ ¼
Xn
i¼1
p1ðsiÞQp1ðsni Þ
for QAM [12]. Since Vp1ðsiÞ ¼ p2ðsiÞ; this implies that jjAd Unp1ðsiÞ  p2ðsiÞjj-0;
which concludes the proof.
If noN or not, A can be obtained as eðB a ZÞe; where B ¼
S
k Bk is a simple
stable AF Cn-algebra with a trace t; unique up to constant multiple, and a is an
automorphism of B such that ðBkÞ is an increasing sequence of ﬁnite-dimensional
Cn-subalgebras of B; aðBkÞCBkþ1; a1ðBkÞCBkþ1; eAB1 is a projection, aðeÞAB1
has central support 1B1 in B1; aðeÞpe; and taðeÞotðeÞ: Then one can see that any
non-zero projection pAeBe dominates a projection equivalent to e in A ¼ eðB a
ZÞe: Let Ua denote the canonical unitary in B a Z implementing a and let S ¼ Uae;
which is an isometry in A: By the previous lemma, which is applicable by the
property on A we just mentioned above, we may assume that p1 ¼ p2 on eB2ke for a
large k: Let v ¼ p2ðSÞp1ðSnÞ; which is a unitary in p1ðaðeÞÞMp1ðaðeÞÞ commuting
with p1ðeB2k1eÞ: Since the reduction ofM-p1ðeBmeÞ0 ontoM-p1ðeBmeÞ0aðeÞ is an
isomorphism, there is a unitary VAM-p1ðeB2k1eÞ0 with VaðeÞ ¼ v: Also the map
onM deﬁned by Q/p1ðSÞQp1ðSnÞ naturally extends to a unital endomorphism l1
from M-p1ðeBmþ1eÞ0 into M-p1ðeBmeÞ0 for any mAN: We then ﬁnd a unitary
UAM-p1ðeBkeÞ0 such that VEUl1ðUnÞ (within an order of 1=k) by using the
Rohlin property [3,13]. Then Ad Up1 is equal to p2 on eBke and almost equal to p2
on S ¼ Uae:
Lemma 3.5. Let A ¼ O#CðTÞ; where O is a corner of On with 2pnpN: Let p1 and
p2 be faithful representations of A on a separable Hilbert space H and let M be a von
Neumann algebra on H such that piðAÞCM for i ¼ 1; 2: If piðpÞ is properly infinite
and has central support 1 in M for any non-zero open projection pAAnn for i ¼ 1; 2;
then there is a sequence ðUnÞ in UðMÞ such that jjAd Unp1ðaÞ  p2ðaÞjj-0; aAA:
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Proof. For each partition of T determined by a sequence
ðt0; t1;y; tn1; tn  t0Þ
of points in T in the clockwise order, we let ei be the characteristic function
of ðti1; ti regarded as a projection in Ann: By the assumption, pjðeiÞ is
properly inﬁnite and has central support 1 in M for j ¼ 1; 2 since ei
dominates a non-zero open projection. Since M
*
is separable, this implies
that pjðeiÞ is equivalent to 1 ([6, 6.3.4]). Then we ﬁnd a UAUðMÞ such that
Ad Up1ðeiÞ ¼ p2ðeiÞ for all i: For the restrictions of Ad Up1 and p2 to Ai ¼
O#eiDO; we apply the previous lemmas to obtain a sequence ðUimÞ in UðEiMEiÞ
with Ei ¼ p2ðeiÞ such that jjAdðUimUÞp1ðxÞ  p2ðxÞjj-0; xAAi: By taking some
ðPi UimÞUAUðMÞ and taking a ﬁner and ﬁner partition of T we obtain the desired
sequence of unitaries in M: &
Corollary 3.6. Let A be a purely infinite simple separable nuclear Cn-algebra satisfying
the Universal Coefficient Theorem [7,8]. Let p1 and p2 be representations on a
separable Hilbert space H such that p1ðAÞ00 ¼ p2ðAÞ00 ¼M: Then p1 and p2 are
approximately unitarily equivalent, i.e., there is a sequence ðUnÞ in UðMÞ such that
jjAd Unp1ðaÞ  p2ðaÞjj-0; aAA:
Proof. We may suppose that A is obtained as the inductive limit of ðAnÞ;
where An is given as a direct sum of C
n-algebras of the form O#CðTÞ
with O a corner of a Cuntz algebra and An-Anþ1 is injective [2,4,7,8]. We then
apply the previous lemma to the pair p1jAn; p2jAn for each n: Since A is purely
inﬁnite and simple, the assumption on the non-zero open projections on An is
satisﬁed. &
Let nAN and X a compact Hausdorff space. Let A be a Cn-subalgebra of
Mn#CðXÞ such that Að1#CðX ÞÞCA: For each tAX let At be the Cn-subalgebra of
Mn generated by xðtÞ; xAA: Then we know that the ﬁeld ðt/AtÞ determines A; i.e.,
if xAMn#CðXÞ satisﬁes that xðtÞAAt for all tAX ; then xAA:
Lemma 3.7. Let A be a Cn-subalgebra of Mn#CðXÞ such that Að1#CðX ÞÞCA;
where X is a compact separable Hausdorff space. Let p1 and p2 be representations of A
on a separable Hilbert space H such that ker p1 ¼ ker p2 and let M be a von Neumann
algebra on H such that piðAÞCM for i ¼ 1; 2: If piðpÞ is properly infinite and has
central support 1 in M for any open projection pAAnn with piðpÞa0; then there is a
sequence ðUnÞ in UðMÞ such that jjAd Unp1ðaÞ  p2ðaÞjj-0; aAA:
Proof. Let tAX and let At be the subalgebra of Mn generated by xðtÞ with xAA: By
replacing X by the closure of S ¼ ftAX j piðAtÞa0g; we may suppose that S is dense
in X : That is, we assume that CðX ÞD1#CðXÞ is embedded in the multiplier algebra
of A and that pnni is faithful on CðX Þ:
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Let F be a ﬁnite subset of A and e > 0: We ﬁnd a family ðekijÞ of matrix units for
At; i.e., they generate At and satisfy that e
k0
i0j0e
k
ij ¼ dk0kdj0ieki0j and ðekijÞn ¼ ekji: We specify
xkijAA such that x
k
ijðtÞ ¼ ekij : Modifying xkij we may suppose that there is an open
neighborhood Ot of t such that ðxkijðsÞÞ forms a family of matrix units for each sAOt:
We also suppose that
jjxkijðsÞ  ekij jjoe; 8i; j; k;
jjaðsÞ  aðtÞjjoe; aAF
for all sAOt: Specifying such an open neighborhood Ot for each tAX as above,
we ﬁnd a ﬁnite sequence ðtcÞmc¼1 in X such that ðOcÞ covers X ; where Oc ¼ Otc : Let
ðXcÞmc¼1 be a measurable partition such that XcCOc and each Xc has non-empty
interior. Let EcAAnn denote the projection corresponding to Xc: Deﬁne a
representation ðp1Þc of Atc by ðp1ÞcðekijÞ ¼ pnn1 ðxkijEcÞ and similarly ðp2Þc of Atc ; with
ekij ; x
k
ij deﬁned as above. By the assumption, we ﬁnd a unitary UAM such that
Ad Upnn1 ðEcÞ ¼ pnn2 ðEcÞ for all c: Then, comparing the representations Ad Uðp1Þc
and ðp2Þc; we ﬁnd a VAM such that ½V ; pnn2 ðEcÞ ¼ 0 for all c and Ad VAd Uðp1Þc ¼
ðp2Þc: Let aAF: If aðtcÞ ¼
P
akije
k
ij ; with ðekijÞ as above, we have that
aðsÞEPkij akijxkijðsÞ  a0ðsÞ for sAXc; i.e., aEcEa0Ec in norm (in Ann). Since
AdðVUÞpnn1 ða0EcÞ ¼ AdðVUÞðp1ÞcðaðtcÞÞ ¼ ðp2ÞcðaðtcÞÞ ¼ pnn2 ða0EcÞ;
we have that AdðVUÞpnn1 ðaEcÞEpnn2 ðaEcÞ for each c: This completes the proof. &
We call a Cn-algebra A approximately sub-homogeneous if it is expressed as the
inductive limit of Cn-algebras as in the above lemma, i.e., Cn-subalgebras B of
Mn#CðXÞ for some n and X with Bð1#CðXÞÞ ¼ B:
Any von Neumann algebra M is expressed as the direct sum MI"MII"MIII;
where Mi is of type i if it is non-zero.
Corollary 3.8. Let A be an approximately sub-homogeneous simple separable Cn-
algebra in the above sense. Let p1 and p2 be representations on a separable Hilbert
space H such that p1ðAÞ00 ¼ p2ðAÞ00 ¼M: If M does not contain a type II direct
summand, then p1 and p2 are approximately unitarily equivalent, i.e., there is a
sequence ðUnÞ in UðMÞ such that jjAd Unp1ðaÞ  p2ðaÞjj-0; aAA: Moreover if A is
unital, then the same conclusion follows if M does not contain a type II1 direct
summand.
Proof. If A is isomorphic to the compact operators on a separable Hilbert space, this
is obvious. Hence we suppose that A is not of type I.
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We ﬁx an inductive system ðAnÞ of Cn-algebras A is the inductive limit of (An) and
such that each An is of the form in the above lemma. Since A is simple, piðpÞE has
central support E for any non-zero open projection pAAnn and any non-zero central
projection EApiðAÞ00: Since piðAÞ00E contains a type I or III direct summand and A is
not of type I, piðpÞE must be inﬁnite. Thus by applying the above lemma, we get the
conclusion.
If A is unital, we have to consider the case where piðAÞ00E contains only a type IIN
direct summand for a non-zero central projection E: If p is a non-zero open
projection in Ann; there must be a ﬁnite sequence ðxiÞ in A such that
P
i xipx
n
iX1:
Since E is inﬁnite, this implies that piðpÞE is inﬁnite. Thus we can conclude the proof
as above. &
4. Transitivity
An automorphism a of a Cn-algebra A is asymptotically inner if there is a
continuous map u from ½0;NÞ into UðAÞ such that limt-N Ad utðxÞ ¼ aðxÞ; xAA:
We denote by AInnðAÞ the group of asymptotically inner automorphisms of A:
Theorem 4.1. Let A be a separable Cn-algebra and let p1 and p2 be representations on
a separable Hilbert space H such that p1ðAÞ00 ¼ p2ðAÞ00 ¼M: Suppose that
1. M is injective.
2. p1 and p2 are approximately unitarily equivalent, i.e., there exists a sequence ðUnÞ in
UðMÞ such that jjAd Unp1ðxÞ  p2ðxÞjj-0 for all xAA:
Then there exists an aAAInnðAÞ such that p1aðxÞ/p2ðxÞ extends to an
automorphism of M which is trivial on the center.
Proof. In the following, since we have only nuclear Cn-algebras for applications, we
will just assume that A is unital and nuclear; so we use 2.1 instead of 2.2:
1. For any finite subset F of A and any e > 0 there exists a wAM1nðAÞ for some nAN
such that wwn ¼ 1 and jjad a Ad wjjpboe; aAF:
We will just parenthesize necessary care needed for handling the weaker condition 2
of 2.2.
We ﬁrst suppose that p1 and p2 are mutually disjoint.
We shall prove that there are cyclic unit vectors O1 and O2 for M and
a; bAAInnðAÞ such that
/p1aðxÞFO1;O1S ¼ /p2bðxÞFO2;O2S; FAM-M0; xAA:
Then it follows that the map p1ab
1ðxÞ/p2ðxÞ extends to an automorphism of M
ﬁxing each central element. Thus this sufﬁces to get the conclusion.
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By replacing the representations pi by quasi-equivalent ones if necessary, we
suppose that M has a cyclic and separating unit vector, say O0:
Let e > 0 and set en ¼ 2ne: Let ðanÞ be a dense sequence in A: LetF1 ¼ fa1g and
choose, for ðF1; e1Þ; a w1AM1n1ðAÞ for some n1AN as in the above condition 1.
(Under the weaker condition we assume that jjp2ðw1wn1ÞO0  O0jjoe1 instead of
w1w
n
1 ¼ 1:) Let
G1 ¼ fw1iwn1j;wn1j j i; j ¼ 1; 2;y; n1g:
Let d1 > 0; which will be speciﬁed later. By condition 2 there is a U1AUðMÞ such
that
jjU1p1ðxÞUn1  p2ðxÞjjod1=2; xAG1,F1:
Let O1 ¼ Un1O0; it follows that
j/p1ðxÞO1;O1S/p2ðxÞO0;O0Sjod1=2; xAG1:
We note here that it also follows that for any non-zero projection FAM-M0;
j/p1ðxÞFO1;O1S/p2ðxÞFO0;O0Sjod1jjFO0jj2=2; xAG1:
Let L0 be the linear span of
p2ðwn1iÞO0; i ¼ 1; 2;y; n1
and L1 be the linear span of
p1ðwn1iÞO1; i ¼ 1; 2;y; n1:
Let d02 > 0 be a sufﬁciently small constant. Since p1 and p2 are mutually disjoint, we
have, by Kaplansky’s density theorem [14, 1.9], a z1AAsa such that 0pz1p1;
jjðp2ðz1Þ  1ÞjL0jjod02=2; and jjp1ðz1ÞjL1jjod02=2: Let S1 be a maximal subset
among the linearly independent subsets of fw1i j i ¼ 1;y; n1g: Let
I1 ¼ fabn; z1bn; bn j a; bAS1g:
Let
m1 ¼ minfjjp1ðanÞO1jj j aAS1g;
which is positive because O1 is separating.
Let F2 ¼F1,fa2g; we then choose a w2AM1n2ðAÞ with n2AN for ðF2; e2Þ as in
condition 1 (or with jjp1ðw2wn2ÞO1  O1jjoe2 instead of w2wn2 ¼ 1). Let
G2 ¼ fw2iwn2j;wn2j j i; j ¼ 1; 2;y; n2g:
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Let d2 > 0 with d2od1: There is a U2AUðMÞ such that
jjU2p1ðxÞUn2  p2ðxÞjjod2=2; xAG2,G1,F2
and
jjU2p1ðxÞUn2  p2ðxÞjjod02m1=2; xAI1:
If aAS1; then
jjp2ðz1Þp2ðanÞU2O1  U2p1ðz1Þp1ðanÞO1jjod02m1=2
and hence
jjp2ðz1Þp2ðanÞU2O1jjp d02m1=2þ d02=2jjp1ðanÞO1jj
p d02jjp1ðanÞO1jj:
Since
jjp2ðanÞU2O1jjX jjp1ðanÞO1jj  d02m1=2
X ð1 d02Þjjp1ðanÞO1jj;
we get that for aAS1;
jjp2ðz1Þp2ðanÞU2O1jjp d
0
2
1 d02
jjp2ðanÞU2O1jj:
Let E be the spectral projection of p2ðz1Þ corresponding to ½0; 1=2: Since for aAS1;
jjp2ðz1Þð1 EÞp2ðanÞU2O1jjX21jjð1 EÞp2ðanÞU2O1jj;
we have that
jjð1 EÞp2ðanÞU2O1jjp 2d
0
2
1 d02
jjp2ðanÞU2O1jj:
Let L2 be the linear span of
p2ðwn1iÞU2O1; i ¼ 1; 2;y; n1;
of which fp2ðanÞU2O1 j aAS1g is a basis. Note that fp1ðanÞO1 j aAS1g is a basis of
L1 and that
j/p1ðanÞO1; p1ðbnÞO1S/p2ðanÞU2O1; p2ðbnÞU2O1Sjod02m1=2
for a; bAS1: By the following lemma we may assume that jjð1 EÞjL2jjod2 by
choosing a sufﬁciently small d02 > 0:
H. Futamura et al. / Journal of Functional Analysis 197 (2003) 560–575 569
On the other hand, we have assumed that jjðp2ðz1Þ  1ÞjL0jjod02=2: Since 1 E is
the spectral projection of 1 p2ðz1Þ corresponding to ½0; 1=2Þ; we may assume that
jjEjL0jjod2:
From the conditions on U1 and U2 in terms of G2 and G1; we have that
j/p2ðxÞO0;O0S/p2ðxÞU2Un1O0;U2Un1O0Sjod1; xAG1:
We set
H ¼ 21f1 EU2Un1 ð1 EÞ  ð1 EÞU1Un2 Eg;
which is a self-adjoint element of M with jjHjjp1: For i ¼ 1;y; n1; we have that
jjHðp2ðwn1iÞ þ p2ðwn1iÞU2Un1 ÞO0jjpd1 þ 4d2o5d1;
since jjEp2ðwn1iÞO0jjpd2jjp2ðwn1iÞO0jjpd2; etc. and jjU2Un1 p2ðwn1iÞO0  p2ðwn1iÞ
U2U
n
1O0jjp21ðd1 þ d2Þ; etc. In the same way we have that
jjHðp2ðwn1iÞ  p2ðwn1iÞU2Un1 ÞO0  ðp2ðwn1iÞ  p2ðwn1iÞU2Un1 ÞO0jjp5d1:
By Kaplansky’s density theorem there is an hAAsa such that jjhjjp1 and
jjðp2ðhÞ  HÞjðL0 þL2Þjjod1=2:
Deﬁne h2 ¼ Ad w1ðhÞ ¼ w1hwn1 ; which satisﬁes that
jjp2ðh2ÞðO0 þ U2Un1O0Þjjp6n1d1
and
jjp2ðh2ÞðO0  U2Un1O0Þ  ðO0  U2Un1O0Þjjo6n1d1:
(Here we have used that w1w
n
1 ¼ 1: Under the weaker condition we only have that
p2ðw1wn1ÞO0EO0; so that the estimate on the right-hand side should be added
e1 þ ðe1 þ n1d1Þ1=2:) Then it follows that
jjp2ðeiph2ÞO0  U2Un1O0jj
is smaller than 6n1d1pep; which we may suppose is dominated by e1: (Here only the
domination by Ce1=21 would be possible for some constant C under the weaker
condition.) Note also that for aAF1
jjah2  h2ajjoe1:
Let u2 ¼ eiph2AUðAÞ and let O2 ¼ p2ðu2ÞU2Un1O0: Note that jjO0  O2jjoe1 (or
Ce1=21 under the weaker condition).
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Now we have the following situation:
jjAdðUn2 p2ðun2ÞÞp2Ad u2ðxÞ  p1ðxÞjjod2=2
holds for all xAG2,F2; O1 is a cyclic and separating unit vector with O2 ¼
p2ðu2ÞU2O1; and d2 satisﬁes that 6n2d2pepoe2 and 0od2od1: Now we apply the
previous argument to ðp2 Ad u2; p1;Un2 p2ðun2Þ;O1Þ in place of ðp1; p2;U1;O0Þ: We let
F3 ¼F2,fa3; u2g and choose a w3AM1n3ðAÞ with n3AN for ðF3; e3Þ: We will then
obtain U3AUðMÞ and h3AAsa (of the form Ad w2ðhÞ) such that jjAd U3p1ðxÞ 
p2Ad u2ðxÞjjod3=2; xAG3,G2,F3 with some extra conditions, jjh3jjp1;
jjah3  h3ajjoe2 for aAF2; and with u3 ¼ eiph3 and O3 ¼ p1ðu3ÞUn3O2 ¼
p1ðu3ÞUn3 p2ðu2ÞU2O1;
jjO3  O1jjoe2
and for any non-zero projection FAM-M0;
j/p1 Ad u3ðxÞFO3;O3S/p2 Ad u2ðxÞFO2;O2Sjod3jjFO0jj2=2; xAG3,F3;
where d3 satisﬁes that 6n3d3pepoe3 and 0od3od2 and
G3 ¼ fwiwnj ;wnj j i; j ¼ 1;y; n3g:
Since
jjAdðU3p1ðun3ÞÞp1 Ad u3ðxÞ  p2 Ad u2ðxÞjjod3=2; xAG3,F3;
we can now repeat this argument for ðp1Ad u3; p2Ad u2;U3p1ðun3Þ;O2Þ by specifying
F4 and d4 in an obvious way.
In this way, we will obtain a sequence ðunÞ in UðAÞ and a sequence ðOnÞ of unit
vectors in H such that jj½un; amjjoen for mon and jj½un; umjjoen for mon  1;
jjOnþ2  Onjjoenþ1 (or oCe1=2nþ1 under the weaker condition), and
j/p1Ad v2nþ1ðxÞFO2nþ1;O2nþ1S/p2Ad v2nðxÞFO2n;O2nSjod2nþ1=2
for any projection FAM-M0 and xAF2nþ1; where v2nþ1 ¼ u1u3?u2nþ1 and v2n ¼
u2u4?u2n: By the conditions on ðunÞ it follows that
Adðu1u3?u2nþ1ÞðxÞ
converges for each x ¼ am and hence for any xAA: It also follows that
Adðun2nþ1un2n1?un1ÞðxÞ
converges for x ¼ am and hence for any xAA: Thus, one can conclude that the
sequence ðAdðu1u3?u2nþ1ÞÞ of inner automorphisms converges and deﬁnes an
automorphism, say a; of A: In the same way one can conclude that the sequence
ðAdðu2u4?u2nÞÞ converges to an automorphism, say b; of A: Since un ¼ eiphn and hn
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satisﬁes that jj½hn; amjjoen for all mon; if we deﬁne a continuous family ðutÞ0ptoN
in UðAÞ by
ut ¼ u1u3?u2n1eipðtnÞh2nþ1 ; npton þ 1;
then we still have that limt-NAd ut ¼ a: Thus, it follows that a; bAAInnðAÞ:
Since jjOnþ2  Onjjoenþ1; the sequence ðO2nÞ of unit vectors converges, say to O;
as n-N and ðO2nþ1Þ converges, say toC: Since On is given as VnO0 for some unitary
Vn inM; as follows from the above proof, and O0 is cyclic and separating forM; the
vectors O and C are cyclic forM too. (Because, since ðV2nÞ converges strongly, say
to V ; which is an isometry in M; it follows that O ¼ VO0 or O0 ¼ VnO:) Thus, we
reach the desired conclusion
/p1aðxÞFC;CS ¼ /p2bðxÞFO;OS; FAM-M0; xAA;
with a; bAAInnðAÞ and O;C as above.
Suppose that p1 and p2 are not necessarily disjoint with each other. Let P denote
the set of projections inM-M0: Let EAP: Let fðEÞ be the maximal projection in P
such that fðEÞp2 is quasi-contained in Ep1 (i.e., quasi-equivalent to a subrepre-
sentation of Ep1). It follows that f is normal in the sense that if ðEnÞ is increasing in
P then fðsup EnÞ ¼ sup fðEnÞ:
Let F 0 be the maximal projection among the projections FAP such that fðFÞ ¼ 0:
Let F1 ¼ 1 F 0 and F2 ¼ fðF1Þ ¼ fð1Þ: Then, it follows that Fp1 is quasi-equivalent
to fðFÞp2 for any FAP with FpF1: This implies that f maps F1P onto F2P
bijectively, preserving orthogonality, and that f extends to an isomorphism of
F1M-M0 onto F2M-M0; which we denote by f again.
Then we have the maximal projection E0 among the projections EAF1P such that
fjEM-M0 is trivial. We have also a maximal projection E1AP such that E1X1
F1 and fðE1ÞE1 ¼ 0: Let E2 ¼ fðE1Þ: Then we have that E0; E1; and E2 are mutually
orthogonal. Setting that E3 ¼ 1 E0  E1  E2; it follows that Eip1 and Eip2 are
disjoint with each other for each j ¼ 1; 2; 3: (Since E1p1BE2p2; this follows for
i ¼ 1; 2: If E3p1 is not disjoint from E3p2; then there are non-zero e1; e2AP with
e1; e2pE3 such that e1e2 ¼ 0 and e1p1 is quasi-equivalent to e2p2: This imply that
fðe1Þ ¼ e2 and ðE1 þ e1ÞðE2 þ e2Þ ¼ 0; which is a contradiction to the maximality
of E1:)
Since E0p1 and E0p2 are quasi-equivalent, there is an automorphism F of E0M
such that F3E0p1 ¼ E0p2: Since F3E0p1"E1p1"E2p1"E3p1 is quasi-equivalent to
p1; we may suppose that E0p1 ¼ E0p2; or in particular E0p1 and E0p2 are equivalent
by a unitary in E0M:
We use the above arguments for the pairs Eip1 and Eip2 for i ¼ 1; 2; 3 and
use a trivial argument for the pair E0p1 and E0p2 setting U1 ¼ U2 ð¼ 1ÞAE0M:
We deﬁne H0 ¼ 0AE0M and deﬁne HiAEiM for i ¼ 1; 2; 3 as H in the above,
which is deﬁned as H ¼ 21f1 EU2Un1 ð1 EÞ  ð1 EÞU1Un2 Eg: We set H ¼
"3i¼0HiA"
3
i¼0EiM ¼M and apply Kaplansky’s density theorem to get hAAsa such
that jjðp2ðhÞ  HÞjðL0 þL2Þjj is small, where Li ¼
P3
k¼0 EkLi; and EkL0 and
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EkL2 are deﬁned as L0 and L2; respectively, in the above for k ¼ 1; 2; 3 and
E0L0 ¼ E0L2 is the subspace of E0H spanned by E0p2ðwn1iÞO0; i ¼ 1;y; n1: We
will then deﬁne h2 ¼ Ad w1ðhÞ and proceed as above. Note that in the next step we
apply the above argument to ðp2 Ad u2; p1;Un2 p2ðun2Þ;O1Þ with O1 ¼ Un1O0: Since
E0p2 Ad u2 and E0p1 are equivalent by a unitary in E0M; we indeed repeat the
arguments for i ¼ 0 as well as for i ¼ 1; 2; 3: &
Lemma 4.2. Let ðxiÞni¼1 be a linearly independent sequence of vectors in a Hilbert space
H: For any e > 0 there exists a d > 0 such that for any bounded operator Q on H and
any sequence ðZiÞni¼1 of vectors in H; if
j/xi; xjS/Zi; ZjSjod; i; j ¼ 1;y; n
and jjQZijjod for i ¼ 1;y; n; then jjQjLjjoe; where L denotes the linear span of
ðZiÞni¼1:
Proof. Let Sn denote the unit sphere fcACn j P jcij2 ¼ 1g and let
mx ¼ min
X
cixi
  n  cASno;
mZ ¼ min
X
ciZi
  n  cASno:
Since ðxiÞ is linearly independent, we have that mx > 0: Since jm2x  m2Zjond; we have
that m2Z > m
2
x  nd > 0 for a sufﬁciently small d > 0: If zAL; then there is a cACn
such that z ¼P ciZi and jjcjjpjjzjj=mZ: Hence
jjQzjjp ﬃﬃﬃnp jjcjjp ﬃﬃﬃnp d
mZ
jjzjjp n
m2x  nd
 !1=2
djjzjj;
which concludes the proof. &
Now we state our main results.
Corollary 4.3. Let A be a purely infinite simple separable nuclear Cn-algebra satisfying
the Universal Coefficient Theorem. Let p1 and p2 be representations of A such that
p1ðAÞ00 (or p2ðAÞ00) has separable predual. Then p1ðAÞ00 is isomorphic to p2ðAÞ00 if and
only if there is an aAAInnðAÞ such that p1a and p2 are quasi-equivalent.
Proof. The ‘if’ part is obvious.
If we assume that p1ðAÞ00 is of type I, the ‘only if’ part is true for any simple
separable Cn-algebra (see [9,10]).
In general the ’only if’ part follows from 4.1 by checking the conditions using 2.1
and 3.6. &
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In case the Cn-algebra has tracial states, there is an obvious obstruction for such a
conclusion as above to follow. Note that a type II1 factor representation uniquely
corresponds to an extremal tracial state and that any tracial state is left invariant
under the action of approximately inner automorphisms (and could be left invariant
under the action of all automorphisms). Hence, the conclusion does not follow if the
Cn-algebra is nuclear and has two disjoint type II1 factor representations (by using
the uniqueness of type II1 injective factors with separable predual).
Corollary 4.4. Let A be an approximately sub-homogeneous simple separable unital
Cn-algebra. Let p1 and p2 be representations of A such that p1ðAÞ00 (or p2ðAÞ00) has
separable predual. If A has a unique tracial state, then p1ðAÞ00 is isomorphic to p2ðAÞ00 if
and only if there is an aAAInnðAÞ such that p1a and p2 are quasi-equivalent. In
general, if p1ðAÞ00 is isomorphic to p2ðAÞ00 and does not contain a type II1 direct
summand, then there is an aAAInnðAÞ such that p1a and p2 are quasi-equivalent.
Proof. This follows, just as the above corollary, from 4.1, 2.1, and 3.8. &
The following is a variant to the above corollaries for non-simple Cn-algebras.
Corollary 4.5. Let A be a separable Cn-algebra which is obtained as an inductive limit
of direct sums of Cn-algebras of the form O#CðpÞ with O a corner of a Cuntz algebra,
or BCMn#CðXÞ with Bð1#CðX ÞÞ ¼ B and X a compact separable Hausdorff
space. Let p1 and p2 be representations on a separable Hilbert space H such that
ker p1 ¼ ker p2 and p1ðAÞ00 ¼ p2ðAÞ00 ¼M: If M is a type III factor, then there is an
aAAInnðAÞ such that p1a and p2 are quasi-equivalent.
Proof. Since we have now assumed thatM is a type III factor, the assumptions for
3.6 and 3.8 may be easy to check. Thus we know that 4.1 is applicable. &
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